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1 A Framework for the Analysis of
: Process Mining Algorithms
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4 Abstract—There are many process mining algorithms and rep-
5 resentations, making it difficult to choose which algorithm to use
6 or compare results. Process mining is essentially a machine learn-
7 ing task, but little work has been done on systematically analyzing
8 algorithms to understand their fundamental properties, such as
9 how much data are needed for confidence in mining. We propose
10 a framework for analyzing process mining algorithms. Processes
11 are viewed as distributions over traces of activities and mining
12 algorithms as learning these distributions. We use probabilistic
13 automata as a unifying representation to which other represen-
14 tation languages can be converted. We present an analysis of the
15 Alpha algorithm under this framework and experimental results,
16 which show that from the substructures in a model and behavior
17 of the algorithm, the amount of data needed for mining can be
18 predicted. This allows efficient use of data and quantification of
19 the confidence which can be placed in the results.

20  Index Terms—Business processes, machine learning, Petri nets,
21 probabilistic automata, process mining.

22 I. INTRODUCTION
23 USINESS processes describe activities carried out to ful-
24 fill a business function, such as providing a service or

25 producing a product. Processes may be designed to dictate work
26 patterns, or result de facto from working practice. Either way,
27 as activities take place, systems involved record information in
28 workflow (WF) logs. Process mining [1], [2] uses these logs to
29 discover and analyze models of business processes.

30  Fig. 1 shows the “control flow” of a simple example process,
31 as a Petri net. An order is received, stock checked, and the item
32 is picked from the warehouse, or the order rejected. Despatch
33 and billing take place in parallel. After checking payment, a
34 receipt is issued or payment chased, before closing the order.
35 Abstracting from detail, the “trace” of one possible enactment
36 of the process might be recorded in a WF log as a string
37 “iabdefgo.” We use this process as a running example.

38  Process discovery algorithms use logs of such traces to
39 produce models of process control flow. Process mining also
40 addresses performance analysis [3], troubleshooting, auditing
41 conformance [4]-[6], mining decision rules [7], or interaction
42 between resources [8]. A current focus is on managing complex
43 processes or logs, by abstracting from detail or separating
44 multiple processes recorded together [3], [9]-[13].
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Fig. 1. Simplified business process for fulfilling an order (Petri net Np).

Process mining is therefore a wide-ranging tool set, inter- 45
facing between business users and the highly complex and 46
multifaceted real-world behavior of businesses. This behavior is 47
manifested in designed or de facto business processes, evidence 48
for which is found in possibly complex, detailed logs. Process 49
mining aims to enable understanding of process behavior and 50
in this way to facilitate decision-making to control and improve 51
that behavior. 52

Process discovery is essentially a machine learning task. 53
However, little work has been done on systematically analyzing 54
process mining algorithms in this context, to discover their 55
fundamental properties, or to answer questions such as how 56
much data is necessary for mining. Yet, such understanding is 57
of critical importance to give confidence that a log file is an 58
adequate sample of the true behavior, and thus in the correctness 59
of the mined model. 60

There are many process discovery algorithms, e.g., 61
[14]-[20], and various representation notations. Since the core 62
interest is in process control flow, many algorithms learn only 63
the process structure, without attempting to recover probabil- 64
ities. Probabilities in the model may be of interest, as where 65
business rules restrict the frequency of costly patterns of ac- 66
tivity. However, even where there is no interest in producing 67
a probabilistic model, it must be appreciated that traces are 68
generated randomly according to an underlying probability 69
distribution unknown to the mining algorithm. Not all activities 70
or decisions are equally likely, and their probabilities may have 71
a dramatic effect on the amount of data needed for mining. 72

Because of this diversity of algorithms and representations, 73
methods are needed for analyzing the behavior of algorithms. 74
This paper aims to introduce a framework for one such method. 75
Given a probability and a process mining algorithm, how much 76
data of a given, finite process do we need to, with a stated 77
probability, produce a business process “close enough” to the 78
original? There are two main prerequisites to answering this 79
question. First, a unifying view of processes to allow objective, 80
language-independent analysis, and second, a notion of “close- 81
ness” to evaluate how similar two processes are. 82

To satisfy these requirements, we consider business pro- 83
cesses as probability distributions over traces of activities and 84
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85 mining algorithms in terms of their ability to learn such distri-
86 butions. We use probabilistic automata (probabilistic determin-
87 istic finite automata (PDFA) [21]) as a unifying representation,
88 as these represent a large class of probability distributions over
89 sequences and act as a lowest common denominator to which
90 to convert models in other languages. The distance between
91 processes can be calculated from PDFA with various metrics.
92 In this paper, we use the do distance, and metrics based on
93 the Bhattacharyya coefficient [22], [23] and on the Kullback-
94 Leibler divergence.

95  Sections II and III introduce relevant concepts and our
96 view of business processes. In Section IV, we describe our
97 framework and apply it in Section V to the Alpha algorithm
98 [14]. We show how a process model can be broken down into
99 substructures and the probability of correct mining of those
100 substructures, and thus of the full model, accurately calculated.
101 In Section VI, we apply the analysis to our running example,
102 and to a larger model to illustrate larger systems and show that
103 our method gives insights into the behavior of the Alpha algo-
104 rithm when mining these models. In Section VII, we support
105 our probabilistic view of processes with a comparison of the
106 distances which we use to compare processes, with existing
107 metrics. Section VIII concludes the paper.

108 II. PRELIMINARIES AND RELATED WORK

109 A. Business Processes and Their Representations

110 A business process describes the activities which take place
111 to fulfill a particular function, from various perspectives [1] in-
112 cluding relationships between activities (control flow), timing,
113 resources, decision rules. In this paper, we focus on the control
114 flow perspective.

115 We assume that processes have single input (start) and output
116 (end) activities (or tasks), and the events of activities’ occur-
117 rence are recorded as they occur. Events are atomic (take no
118 time), and are uniquely labeled, the same label always referring
119 to the same event, and vice versa. No use is made of additional
120 information (such as timing) about events, merely the order
121 in which they are recorded. The underlying process model is
122 assumed to be fixed (unlikely in reality, but change is assumed
123 to be slow enough to be ignored over the period that data
124 is collected). These restrictions are equivalent to those used
125 elsewhere in the literature, e.g., [14], [24], [25].

126 Traditionally, business processes have been viewed as lan-
127 guages over activities, with no probabilistic structure. Various
128 representational mechanisms have been suggested for capturing
129 process control flow. Business Process Model and Notation [26]
130 is widely used for business process modeling. It uses an ex-
131 tensive notation to allow description of complex, hierarchical,
132 executable processes, but has not been used for process mining.
133 Early process mining work [25], [27] used simple directed
134 graphs which did not specify the types of splits and joins.
135 More recently, simple precedence diagrams [3] are similar,
136 loosely capturing process structure to semiformally describe
137 processes. Nodes describe activities or groups of activities.
138 WF schemas [9] model structures such as splits and joins in
139 acyclic processes, while block-structured diagrams [17] enforce

Fig. 2. Reachability graph for Petri net N (Fig. 1).

rigid nesting of substructures and focus on the description of 140
concurrence. Other languages which support concurrence and 141
complex synchronization structures [28] include Adonis [29] 142
and Petri nets [30]. 143

Causal nets [15] have been proposed to allow flexible def- 144
inition of splits and joins using logical expressions, without 145
introducing constructs such as hidden transitions, needed by 146
Petri nets. Petri nets however remain the most common rep- 147
resentation employed in the process mining community to 148
describe processes under this view (e.g., [14], [16], [19]). We 149
introduce Petri nets in the following section. 150

B. Petri Nets 151

There are various types of Petri net, details of which with 152
their properties and executable behavior can be found in [30]. 153
For a discussion of WF nets, a restriction of Petri nets used in 154
business processes, see [14], [31]. 155

In general, a Petri net is a four-tuple N = (S, 7, W, M), 156
where T and S are finite sets of transitions and places, re- 157
spectively, such that T NS =0. W C (S x T)U (T x S) is a 158
flow relation, defining the directed arcs of the graph, connecting 159
places and transitions. M is a multiset over S called a marking 160
M : S — N, describing the distribution of tokens over places, 161
defining the state of the process. 162

The workings of the Petri net are defined by the marking 163
and the firing of transitions. A transition ¢ may fire when there 164
is a token in each of its input places, whereupon a token is 165
removed from each of the input places of ¢ and a token added 166
to each of the output places of ¢. Fig. 1 shows a Petri net Ny. 167
S ={po,p1,--.}, T ={i,a,...}s W ={(po,?),(i,p1),...}, 168
M = (1,0, ...). Solid rectangles represent transitions, model- 169
ing process activities. Places are shown by circles, and tokens 170
by black dots in places. Only transition ¢ can fire, consuming 171
the token in py and creating one in p;, thus enabling transition 172
a. The Reachability Graph of Petri net N is the state space of 173
the net, the set of markings reachable from M by firing a series 174
of transitions. Fig. 2 shows the reachability graph of Petri net 175
Ny (Fig. 1), as a transition system. Each reachable marking is 176
represented by a state, labeled with the places of the Petri net 177
which contain tokens in that marking. The arcs are labeled by 178
the transitions which are fired to move from one state to the 179
next. 180

Sometimes, business processes are constrained to a conve- 181
nient subset of Petri nets, called sound WF nets [6], [14]. A 182
sound WF net is a Petri net with a single start and single end 183
place and every transition on a path between these two places. 184
Its marking is a mapping S — {0, 1}, i.e., any place may hold at 185
most one token. Initial marking M is a single token in the start 186
place, and final marking My a single token in the end place. 187
When a process is started from My, all transitions must be 188
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189 potentially executable, and the process must terminate properly,
190 i.e., in marking Mp. Sound WF nets allow for all the basic
191 routing constructs found in business processes. Structured WF
192 nets [14] restrict the allowed structure of places and transitions
193 to ensure each split corresponds with a join of the same type.
194 Fig. 1 is both a sound and a structured WF net, in its initial
195 marking Mj.

196  Different measures have been proposed to quantify how well
197 a given Petri net N conforms to a WF log W. For example,
198 “Token-based fitness” [6], used as a recall metric in process
199 mining, measures the ability of NV to support the traces in W

1 _M) 1<_Z?_m>
! <1 2 i G +2 ' YD

200 where 7 is the number of traces in WV, p; the number of tokens
201 produced during replay of trace i, ¢; the number consumed, m;
202 the number of tokens missing (had to be artificially created to
203 enable trace to be replayed), and r; the number remaining after
204 replay of the trace. Behavioural appropriateness o’z [6] mea-
205 sures the precision of the model, penalizing behavior supported
206 by the model but not the log.

207 C. Process Mining

208  Process mining algorithms aim to reconstruct the underlying
209 business process structure based on a sample WF log. They are
210 broadly split into “local” and “global” approaches [1]. “Local”
211 build models from relations between activities, e.g., Alpha [14],
212 Alpha*Jr [16], Heuristics Miner [15]; while “global” methods
213 start with and refine a full model, e.g., genetic [32], [33]
214 and region mining [18], [19]. Recent approaches aim to mine
215 complex or noisy processes using clustering and abstraction
216 at the level of traces [9]-[11], or activities [3], [12], [13].
217 Other work includes artificially generating negative examples
218 to improve learning [34], and mining from logs lacking case
219 IDs [20] to identify process instances. Process mining has also
220 been used as an assistive tool, e.g., with distributed workflow
221 execution [35] or detection of anomalous event behavior [36].
222 The Alpha algorithm [14] can mine processes representable
223 by Structured WF-Nets, from noise-free logs. A net is inferred
224 based on local relations between pairs of activities recorded
225 in a workflow log W. Transitions represent atomic activities.
226 Single start and end places are assumed; the remaining places
227 are inferred using the basic relations:

228 ¢ a > b (bdirectly follows a in at least one trace);
229 ¢ a — b (balways follows a, never vice-versa);
230 ¢ a+#b (a and b never follow each other);

231 * al|b (both ab and ba occur in the log).

232 Two activities are always related by either —, -1 #, or
233 and these partition the set of activities [14, Property 3.1].

234 Various methods have been proposed for comparing process
235 models, often based on the syntax of the representations used.
236 Examples are replaying training or reference logs [9], [12],
237 [15], [32], measuring Petri net token behavior [4], [34] or
238 string edit distances [37], comparing incidence matrices [38]

)

TABLE 1
NOTATION FOR BUSINESS PROCESS

A A set of business activities.

M ‘Ground truth” model (may be unknown).

3 Alphabet of symbols encoding business
activities.

{a,b,...} €2 Valid business activities in the process.

{z,y,...} et Non-empty strings representing sequences of
activities.

T The set of all valid process traces (cases).

Ty The concatenation of strings = and y.

cX*, Y, The set of strings with x as prefix, suffix,

DINF DI
W C {z|z e Xt}

... or sub-string. (rest of string may be empty).
Workflow log, a bag or multi-set of traces.

or coding costs using the minimum description length principle 239
[39]. Measures may be along different “dimensions” [5], [6] 240
depending on the type of differences to be measured. 241

The review in [2] concludes “more research is required to 242
enable the production of a generic framework for the quantified 243
comparison of processes.” In [5], an architectural framework is 244
proposed, to include algorithms, methods for comparison, and 245
a repository of logs and tools. Existing metrics and a method 246
of assessing algorithms using a k-fold cross-validation method 247
are compared. Metrics have the advantage of allowing different 248
aspects of models’ behavior to be compared and differences 249
localized in the representation in use, but do not provide a com- 250
mon basis for comparing models in different representations, 251
or upon which to objectively discuss other process mining tasks 252
such as generalization, clustering, or abstraction. The k-fold ap- 253
proach uses an experimental method from machine learning and 254
allows the significance of differences to be quantified. However, 255
it does not provide a theoretical foundation for analyzing the 256
learning behavior of algorithms and predicting how much data 257
are needed for mining. The paper concludes that more research 258
is needed. 259

Alpha is one of many process mining algorithms imple- 260
mented as plug-ins in ProM [40]. Commercial tools include 261
Fujitsu’s automated process discovery, while many products 262
address business process modeling and automation. 263

III. BUSINESS PROCESSES AS DISTRIBUTIONS 264
OVER TRACES 265

We propose to view business processes as probability distri- 266
butions over strings of symbols a € ¥ representing activities. In 267
this paper, such distributions will be described using stochastic 268
automata. In other words, a business process can be considered 269
a stochastic regular language M that describes the probability 270
distribution Py, over ¥7 (the set of all nonempty strings of 271
activities): > ©. .s»+ Py(2) = 1. Each trace begins with the start 272
activity ¢ and finishes with the end activity o. The finite (we are 273
not considering cycles) set of valid process traces 7 consists 274
of strings 2 € ¥T such that no activity a € ¥ occurs more 275
than once in z, and = = iwo, w € (X \ {i,0})* (w may be 276
empty). An overview of our notation is presented in Table I. The 277
next section introduces our main representational framework 278
for describing Py, (see also [20], [29]). 279
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Fig. 3. PDFA A corresponding to Petri net Ng (Fig. 1), with the addition of
transition probabilities.

280 A. Probabilistic Automata

281  To provide a “common denominator” to which processes in
282 other modeling languages can be converted and analyzed, we
283 use transition-labeled PDFA [21] to represent the probability
284 distributions as process models. Briefly, a PDFA is a five-tuple

285 A = (QAv Ea 5143 qo0, qF)

286 * ()4 is finite set of states;

287 * X isan alphabet of symbols;

288 ¢ 04:Qa XXX Qa—[0,1] is a mapping defining the
289 conditional transition probability function between states,
290 da(q1,a,q2) = Pr(qe,alq1), i.e., the probability to parse

291 symbol a and arrive in state g2 given currently in ¢y ;

292 ¢ gy € Q4 is a single start state; and
293 ¢ qp € @4 is a single end state; such that:
VgeQa, Z da(q,a,¢')=1, and Pr(q'|a,q)=1.
' €Qa,aeX

294 The probabilities on arcs outgoing from a state sum to 1 and
295 given a current state and symbol, the next state is certain. There
296 is a unique state path through the automaton for any string x
297 that it can parse.

298  Example PDFA Aq (Fig. 3) represents the same model as
299 Petri net Ny (Fig. 1). It has the same structure as the reach-
300 ability graph, with the addition of probabilities of following
301 each arc, or parsing each symbol. Here, Q = {qo,q1,.-.},
302 X = {i,a, .. .}, 0= {(q07i,q1) — 1.0, (ql,a, QQ) — 1.0, .. .},
303 o = ‘qo’, qr = ‘qo’. States are shown by circles, the start state
304 is indicated by an arrow and the final state by a double border.
305 Every PDFA A describes a distribution P4 over X+

PA(x) = 5,4((10, S0, qSo)

n—2
X <H 6A <q5i7178i7 QS1)> X 614 (q8n727 S’I’L717qF)

i=1

306 where x is a string of symbols sgs; ...s,—1 which can be
307 parsed by the automaton to the unique final state ¢z ; g5, denotes
308 the state reached after symbol s; is parsed. P4(xz) =0 for
309 strings which cannot be parsed.

310 In Ag (Fig. 3), Pa(iaco) = da(qo,%,q1) X da(q1,a,q2) X
311 04(q2,¢,q8) X 64(gs,0,99) = 1.0 x 1.0 x 0.1 x 1.0 = 0.1.
312 Note that the structure of allowed traces defined by sound
313 WF nets can be naturally captured by the support structure of
314 distributions described by PDFA in the sense that:

315 e« there is a single start and end state;

316 < all states are accessible (reachable from the initial state);
317 e« from any state, it is possible to reach the final state;

318 e« for any given string x, the sequence of state transitions to
319 generate x is unique;

320 e given a state and a symbol, the next state is certain.

A sound WF net does not hold any probability information, but 321
has finite state space, so the net’s structure can be converted to 322
an automaton with a finite number of states,! via its reachability 323
graph, e.g., [30]. Transitions can be allocated uniform probabil- 324
ities, or estimated maximum likelihood probabilities from a log 325
file. The structure of a PDFA may be converted to a Petri net 326
using the theory of regions, e.g., [18, Sec. 4]. 327

B. Distances Between Probability Measures 328

Viewing business processes as probability distributions, we 329
can quantify differences between two business processes P; 330

and P» (e.g., the “ground truth” and its inferred proxy) via 331
distances on the space of distributions over traces, e.g., 332
Euclidean Distance 333
do(Pr, Pp) = \/z (Pi(x) - Py(x))?
Bhattacharyya Distance [22] 334
dBhat(P1, P) = 1—2\/P1 )Po (@
Kullback-Leibler Divergence 335
x
drr(Pr, P2) ZPI 1gP2Ex;

Note that Kullback-Leibler Divergence is not a distance mea- 336
sure since it is not symmetric. Also, it requires P} and P» to 337
have the same support. This is straightforward to work around, 338

e.g., by postulating the Jensen-Shannon Divergence [41] 339
dysp(Pr, P) = dgr(P1,) + drr (P2, 1))

where ¢(z) = (1/2)(Py1(z) + Pa(x)). 340

C. Process Mining: A Machine Learning View 341

We formalize a machine learning view of process mining, 342
noting that some of these ideas are implicit in other work, 343
e.g., [25], [29]. In particular, in [20] a stream of symbols 344
representing activities is produced by multiple random sources. 345
We rather consider a single source generating traces. 346

A process discovery algorithm is essentially a learning ma- 347
chine, whose task is to model the control flow of a business 348
process, using traces of the execution of the process, recorded 349
in a WF log W, which is a multiset over traces. Each trace 350
represents a single run through the process from start to end. 351
Traces can be encoded as strings x € X1, where ¥ is an 352
alphabet of symbols representing activities. 353

We assume that an unknown probability distribution D over 354
traces (from ¥ T) is responsible for generating the traces in 355
the log WW. Although various factors affect what activities take 356
place, such as business needs or user preferences, different 357

IThe “state space explosion” may be a problem, particularly in the con-
version of large Petri nets with high concurrence (although the structural and
marking limitations of sound WF nets should alleviate this).
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358 traces in fact occur with specific probabilities, and thus it can
359 be argued that the underlying process is inherently stochastic.
360 From the machine learning point of view, the primary task of
361 the process mining algorithm is to construct a model M of D
362 from a finite sample of traces (WF log W).

363  The log file W will contain only a finite number of process
364 traces and therefore is a stochastic sample drawn independently
365 and identically distributed from the unknown distribution D
366 (the “ground truth”). In other words, each trace occurs with
367 probability according to the same distribution D, and one trace
368 occurring does not change the probability of others. Since the
369 log is of finite size, we expect the frequency of traces in the log
370 to vary from their probabilities under D.

371  The challenge for the learning machine (process discovery
372 algorithm) is to use this finite sample to construct a model M
373 of D which does not simply represent the data in the finite
374 log, but is as “close” as possible to the true generating source
375 D, i.e., generalizes well. This raises questions such as: How
376 much data is needed to do this with certain (given) confidence
377 and precision > How to quantify the learning machine’s perfor-
378 mance? Since both D and M are distributions, it is natural
379 to assess the learning machine’s performance by quantifying
380 how “close” M is to D, for which there are various measures.
381 This allows direct comparison of the “reality” represented
382 by the models, rather than similarity/dissimilarity of syntactic
383 representations of M and D in the modeling language in use,
384 which seems to be a common theme [4], [9], [32], [38].

385 Machine learning theory is concerned with the convergence
386 properties of machine learning algorithms, in terms of the
387 circumstances in which they can be expected to converge
388 to the ground truth and the amount of data needed. While
389 different process discovery algorithms have different strengths
390 and weaknesses, they can be compared under this unifying
391 framework, i.e., in terms of their convergence properties within
392 the restrictions within which they operate. From the ground
393 truth and an understanding of the behavior of an algorithm,
394 one can predict, and experimentally verify, how fast the mined
395 model will converge to the ground truth model.

396  While in real applications, the process discovery algorithm
397 will not have access to the ground truth distribution governing
398 trace generation, it is standard practice in machine learning
399 [42], [43] to study learning algorithms by imposing a certain
400 class of ground truth distributions and then to verify empirically
401 and/or theoretically how fast and how well the ground truth
402 can be “learnt” by the algorithm from finite samples. In this
403 framework, the algorithm does not know the ground truth,
404 but because we have access to it, the success of the learning
405 algorithm as more samples become available can be measured.

406 IV. FRAMEWORK FOR THE ANALYSIS OF
407 PROCESS MINING ALGORITHMS
408 In this section, we outline a framework within which to

409 analyze process mining algorithms with regard to their proba-
410 bilistic behavior, process substructures, and number of traces; in

>This corresponds to, e.g., the so-called probably approximately correct
framework.

the context of their ability to discover a probability distribution 411
over traces, which converges to a “ground truth.” 412

The steps below describe the approach taken here to analyze 413
and experimentally validate process mining algorithms. 414

Step 1) Analyze the algorithm to develop formulas for the 415
probability of discovery of all important process 416
substructures (e.g., splits and joins, or parallel action 417
flows). 418
Extend to aggregate the substructure results (joining 419
substructures from the previous step into the full 420
model) to enable calculation of overall discovery 421
probability of arbitrary models. 422
Analyze the algorithm’s characteristics, such as rate 423
of convergence, issues affecting convergence, possi- 424
ble relation to other algorithms, etc. 425

Step 2)

Step 3)

Theoretical analysis will be complemented by empirical 426

investigations as follows. 427
1) Design “ground truth” test models with varying 428
topological and probability structures. 429

2) From the test models, generate multiple sample sets of 430
WEF logs of various sizes, to test for convergence. 431

3) Run process mining algorithms under investigation on 432
such data, converting mining results to PDFA as neces- 433

sary (Section III-A), and compare distributions of traces 434
represented by these automata with the “ground truth.”3 435

In the following, we introduce the important process sub- 436
structures, and in Section V, we apply the framework to an 437
analysis of the Alpha algorithm [14]. 438

A. Process Substructures 439

Business processes are composed of substructures [17], [28]. 440
We consider only acyclic structures in this paper. A few basic 441
structures are sufficient, although more complex patterns exist 442
[28]. The substructures in our example process are highlighted 443
in Fig. 4. We next define process substructures in terms of the 444
set 7 of valid process traces starting with 7 and ending with o. 445

1) Sequences: If tasks a and b form a sequence (e.g., Fig. 4, 446
substructure A), then if a occurs, it is immediately followed 447
by task b, and no other, in the model. In the log, other parallel 448
tasks may “interfere,” so the following will hold: if a occurs in 449
a trace, b will occur before the end of the trace, i.e., 450

ifuav € T, then v = wbg,

where a,b € ¥, and v, w,q € {\ {a,b}}".

2) Exclusive-OR Split: An m-way XOR split [Fig. 5(a)] oc- 451
curs where there is a choice between m mutually exclusive 452
paths through the model after task a, each path starting with 453
atask t € {b;|1 <i < m}.If a occurs in a trace, then exactly 454
one t € {b;|]1 <i <m} will occur in the rest of the trace 455

if uav € T, then 3i : 1 <4 < m, such that v = wb;q,
where a,b; € 3, and u,w,q € {3\ {a,b1,...,bn}} .

3Where algorithms produce nonprobabilistic models, heuristic methods can
be used to allocate uniform or maximum likelihood probabilities to transitions.

AQ1
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‘Extra’ ParalleliLsm

_e M _A:Mixed Join

Fig. 5. Petri net and PDFA fragments depicting various substructures.
(a) XOR split. (b) Parallel (AND) split. (c) Complex splits and joins (substruc-
tures A and B) and “extra” parallel activities (dotted ellipses).

456 3) Exclusive-OR Join: An m-way XOR join (e.g., Fig. 4,
457 structure F') occurs where m mutually exclusive paths rejoin
458 before task c. The final task in each path prior to c is a task
459 t € {b;|]1 <1 < m}.If coccurs in a trace, then exactly one task
460 t € {b;|1 <1 < m} will be in the trace before ¢

ifucv € T, then 37 : 1 < 4 < m, such thatu = wb;q,

»bm 3}

where ¢,b; € X, and v, w,q € {X\ {¢,by,...

461 4) Parallel Split: An m-way AND split [Fig. 5(b)] occurs
462 where m paths through the model proceed in parallel, following
463 task a, each path starting with a task ¢ € {b;|1 <i <m}. If
464 each path contains only a single task b;, and there are no
465 restrictions on the order of the tasks, and no other parallel
466 parts of the model, then the next m tasks in the trace will be
467 by, ba, ..., by, in one of m! permutations. Otherwise, there will
468 be more possibilities for the trace following a. In reality, it is
469 likely that only a subset of the possible orderings will be highly

probable. If a occurs in a trace, then the remainder of the trace 470
following a will contain each t € {b;|1 <1i < m} 471

if uav € T, thenVi: 1 <1i<m,
(Fw,q € {Z\ {a,b;}}" : v =wbh;q),
where a,b; € X,u € {E\ {a,b1,...,bm}}".

A PDFA fragment to depict a parallel split is visually more 472
complex than its Petri net equivalent, as all possible task se- 473
quences are shown explicitly [Fig. 5(b)]. After the first parallel 474
task, there are () states, (") after the second, to (, ™ ) states 475
before the last parallel task. 476

5) Parallel Join: An m-way AND join occurs where m 477
parallel paths rejoin (synchronize) before a task ¢. The final task 478
in each path is one of by, b, ..., b,,. If c occurs in a trace, then 479
the trace up to ¢ will contain each ¢ € {b;|1 < i < m} 480

ifucv € T, thenVi:1<i<m,
(Fw,q € {Z\ {c;bi}}" : v = whiq),
where ¢,b; € B,v € {E\ {c,b1,...,bm}} .

6) Nonexclusive OR Splits and Joins: These occur where one 481
or many of several paths may be taken. They can be modeled as 482
combinations of XOR and parallel structures. 483

V. APPLICATION TO THE ALPHA ALGORITHM 484

The Alpha algorithm [14] is relatively simple and forms the 485
basis for several other algorithms, so is appropriate for a first 486
analysis under this framework. The four relations —, — 1, #, 487
and ||, on a pair of tasks a, b partition the set of all logs of n 488
traces [Fig. 6(a)]. In this paper, we write the relations as a >,, b, 489
etc., to indicate discovery within n traces. The event space (2 is 490
the set of all logs of n traces, A the set of these logs that include 491
at least one trace containing substring ab(a >, b), and B those 492

with at least one trace with ba(b >,, a). Then 493
o A\ Bis the set of logs that cause Alpha to infer the causal 494
relation a —,, b; 495

e B\ A those for which Alpha infers b —,, a; 496

e AN B those for which Alpha infers al|,,b; 497

* —(A U B) those for which Alpha infers a#,,b. 498

We next apply the steps described in Section IV to Alpha. 499
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Q = all logs of n traces

(b)

Fig. 6. (a) The Alpha relations on a pair of tasks partition the possible logs of
n traces, (b) illustration of (C' N D) \ (A U B) for Proposition 5.

500 A. Step 1: Probability Formulae for Basic Substructures

501 To analyze algorithms’ behavior, we assume that we have
502 access to the ground truth and know probabilities of all strings
503 (sequences of tasks). We give formulas for the probability of
504 discovery of the Alpha relations and process substructures,
505 based on these string probabilities, agnostic of whether these
506 substructures are “correct,” i.e., assuming nothing about the un-
507 derlying model, save that it is acyclic, and traces are generated
508 according to an unknown probability distribution.

509  Given an underlying source M, let Ppr((a|x) denote the
510 probability that after seeing the sequence of tasks given by
511 string x, the next symbol to be seen will be a

Py(zaX™)

Py (alz) = Py

512 This extends naturally to substrings y € 3"

Pulyle) = . > Pulule) = 1
yexn

where
513 We also introduce some shorthand notation: We write 7 (ab)
514 for Py(iX*ab¥*0), the probability of ab occurring in a trace,
515 and w(b| — a) for Py (b|iX*a), the conditional probability that
516 given that a occurs in a trace, the next symbol will be b. We
517 define 7, (F) as “the probability of complex event E holding
518 true in a log of n traces.” For example, 7, (A) for set A in
519 Fig. 6(a), is “the probability that at least one trace in a log of n
520 traces contains substring ab.” Finally, P, (a >, b) means “the
521 probability that Alpha infers the relation a >,, b over n traces,”
522 and similarly for the other Alpha relations.

523 1) Activity Ordering Relations: These are the basic relations
524 between tasks in the log which Alpha uses to construct a Petri
525 net model.* The following propositions give the probability of
526 Alpha inferring these relations between two tasks a and b, from
527 a log of n traces, based on the substring probabilities described
528 above. We give the proofs in the Appendix.

529 Proposition 1: The probability that Alpha infers a >,, bis

Py(a>,b)=1—(1—m(ab))".
530 Proposition 2: The probability that Alpha infers a#,b is

P, (a#t,b) = (1 — w(ab) — m(ba))" .

4Alpha+, which is implemented in the ProM framework [40] as Alpha,
modifies these to allow for short loops.

Proposition 3: The probability that Alpha infers a —,, b is 531
Py(a—pb) = (1 —7(ba))" — (1 — mw(ab) — w(ba))" . (1)

Proposition 4: The probability that Alpha infers al|,, is 532

P,(al]|nb) =1— (1 —mw(ab))" — (1 — 7(ba))"
+ (1 —m(ab) — m(ba))"™.

2) Sequences: Discovery of a basic sequence of two tasks a 533
and b simply requires discovery of a —, b. 534

3) Splits and Joins: Alpha uses the relations a —, b, 535
a#,b, and a ||, b to identify Petri net places, which deter- 536
mine the types of splits and joins (XOR or AND). Since the 537
events of the discovery of these relations between several 538
tasks arise from Alpha’s interpretation of a log of n traces, 539
they are not independent: any, all or no relations may be 540
discovered. Thus P, ((a =, b) A (a =4, ¢)) < Po(a —, b) X 541
P, (a =, c). Therefore, for exact probabilities for discovery of 542
splits and joins, the basic substring probabilities (probabilities 543
of task pairs which must/must not be seen in the log) must be 544
used. 545

4) Exclusive Choice—X0OR Split: To discover an m-way 546
XOR split from a to by, bo, ..., b, [Fig. 5(a)], denoted a —,, 547
(b1# . . . #by,): Alpha must infer the relations a —,, by, a —, 548
b2, e, @ =y by, bl#nbg, bl#nbg, ey bmfl#nbm [14, Def. 549
4.3, step 4]. Hence, over a log of n traces, Alpha must: 550
see at least one of each of m substrings representing pairs of 551

tasks aby, abo, ..., ab,,; and 552
not see any of the m “reverse” pairs bia,boa,. .., by,a, 553
or any of ,,P, pairs of “postsplit” tasks: 554

A
blbg, bzbl, ey bmflbm, bmbm,1 (where mP2 = 555
(m!/(m —2)1)). 556

Let N = {Nz = (t“t;)‘l <1< (m—|—mP2),tL 7é t;} be the 557
set of task pairs which must not be seen in the log, and Y = 558
{Y; = (t:,t)|1 <4 < m,t; # t;} be the set of task pairs which 559

3
must be seen in the log. 560

We define S,,(X) — [0,1], where X = {X; = (t;,t,)|]1 < 561
1 < |X]|} as the probability of not seeing any of the |X| task 562
pairs (¢;,t;) € X inn traces, and w(X;) = 7(¢;t}). 563

Proposition 5: Probability that Alpha infers an XOR splitis 564

Po(a—n (17 ... b))
=S, (N) = > S, (Nu{yi})

1<i<m

+ Z Sn(NU{}/HYI)_

1<i<y<m
+(-1)™MS,(NUY),
Sn(X)

:(1— > ow(X) +
1<i<|X|

where 2)

>

1<i<j<|X|

m(Xi A X5)

_...+(—1)X7T(X1/\X2/\~--/\XX)) - G
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565 Given knowledge about the underlying model, many of the
566 terms may be zero, significantly simplifying the formulas.
567 Nevertheless, they can become cumbersome to work with,
568 requiring knowledge of many probabilities. Nor do they relate
569 intuitively to the working of the algorithm. However, these
570 formulas can be effectively simplified without loss of accuracy
571 to give formulas which intuitively follow from the working of
572 the Alpha algorithm and are simpler to calculate. Theorem 1
573 illustrates for Proposition 5 the discovery of an XOR split.

574 Theorem 1: The probability of discovery of an XOR split
575 may be approximated by assuming independence between dis-
576 covery of Alpha relations over n traces. The probability is over-
577 stated, but error rate decreases exponentially with increasing n

Py (a = (b1 ... #bpm))
< H Pa(a —n bl) X

1<i<m

[T Pabi#tab). @

1<i<j<m

578  The proof is given in the Appendix. In what follows, we
579 use the approximation in Theorem 1 to derive formulas for
580 discovery of XOR joins and analogous results (not presented
581 here) for AND splits and joins.

582 5) Exclusive Choice—XOR Join: To discovery of an m-way,
583 XOR join can be approximated in a similar way

Po ((b1# ... #bm) = )
< J] Palbi =nc)x

1<i<m

[T Patittabs).

1<i<j<m

584  6) Parallelism—AND Split: The behavior of the Alpha al-
585 gorithm when mining an AND split is similar to that when
586 mining an XOR split, with more “must see” and fewer
587 “must not see” substrings. To discover a m-way parallel
588 split from a to by, bo, ..., by, denoted a =, (b1 || ... || bm):
589 Alpha must infer the relations a —, b1,a —y bo,...,a =,
590 by, , b1 ||n bg,bl ||n b3, .. .,bm,1 Hn b [14, Defn 4.3 Step 4].

591 Thus,
Pa(a—=n (bl bm) < J] Pala—nbi)
1<i<m
< JI Palvilnby). ©
1<i<j<m

592 7) Parallelism—AND Join: Similarly

Po((br .- 1bm) =n ) < [ Palbi =nc)

1<i<m

< JI Palvillnby).

1<i<j<m

593 B. Step 2: Aggregation of Substructures to Full Model

594 Having dealt with substructures, we now need to derive
595 probability (M) of correctly mining the full process model
596 M (e.g., Fig. 4 with substructures labeled A ... F"). For exact
597 calculation the approach of Proposition 5 could be extended
598 to consider the probabilities of all the substrings which Alpha
599 must/must not see in the log to construct the Petri net correctly,

as these probabilities are not independent (Section V-A3). This 600
is infeasible and does not reduce the problem complexity. 601
As discussed (Theorem 1), we can treat substructures as built 602
from independent Alpha relations rather than from individual 603
substrings. Three further areas then need to be considered in 604
analyzing full models. 605
1) Compound Splits/Joins: A single WF net substructure 606
as mined by Alpha may combine both join and split 607

(Fig. 5(c) substructure B) or combine parallel and ex- 608
clusive behavior (Fig. 5(c) substructure A). In general, 609

if m paths of which p are XOR (the remainder parallel) 610

join and then split to n paths of which ¢ are XOR, 611

the probability of discovery is approximated using the 612
approach of Theorem 1, multiplying probabilities for the 613
relevant —,,, #,,, and ||,, relations. 614

2) Extra Parallelism: Where parallel paths contain more 615
than one task, such as a, b, ¢, d in Fig. 5(c), for each 616

pair of tasks a,b not part of the split or join, either 617
all,b or a#,b must be discovered, to prevent extra 618
dependencies from being inferred. Let a <, b denote 619
(al|nb) V (a#t,b). These are independent [Fig. 6(a)], so 620
P,(a <y, b) = Py(a||nb) + Po(a#,b). 621

3) Combining Probabilities for Substructures: Let Ps(X) 622
be the probability of discovering substructure X. Intu- 623
itively, if a split has been mined correctly, then mining 624

the corresponding join is “almost certain,” as each path 625
between the split and join should be in the log. Hence, 626
substructures in the model can be considered as depen- 627

dent on “previous” substructures, e.g., 628

Y(M) = Ps(A) x Ps(B|A) x Ps(C|B)
x Ps(D|C) x Ps(E|D) x Ps(F|B, E).

Ps(F|B, E) indicates the probability of discovering F' con- 629
ditional that B and E have been mined correctly. This affects 630
the formulas from Section V-A in two ways. For each event 631
(such as “see no ab in the log of n traces”), 632

1) the probabilities of the substrings are conditioned by the 633

probabilities of the prefix strings leading up to those 634

substrings, i.e., 7(ab) becomes 7(b| — «)); and 635
2) we only consider the traces within which those substrings 636
are expected to occur. 637
To illustrate, for Alpha, the relation a >,, b becomes 638
W(ab) n-m(—a)
Pyla>,b)=1—-11- . 8
@7 =1-(1-75%) ®
C. Step 3: Analysis of Alpha Algorithm 639

We look briefly at some of the behavior of Alpha shown by 640
the probability formulas. 641

Fig. 7(a) shows P, (a —,, b) increasing sharply with increas- 642
ing 7(ab) (probability of trace including string ab), but reducing 643
sharply with any probability of the “reverse” string, 7(ba). The 644
effect is stronger as n increases, since this also increases the 645
chance of at least one ba in the log. Nonzero probability of ba 646
may be due to errors in logging, or indicate that the real relation 647
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7 (ab) 0

(b)

n traces

3 path probabilites —0-5 -0.5

©

0 n traces

3 path probabilities

Fig. 7. Probabilistic behavior of Alpha relations. (a) Probability of discovery of a — b for 10 traces, varying w(ab), w(ba). (b) Probability of discovery of
al|nb for varying numbers of traces and 7 (ab) (7 (ab) + 7(ba) = 1.0). (c) Number of traces for 95% discovery probability of three-way XOR substructure.

648 is parallel but with ab more likely than ba. In Fig. 7(b), the
649 parallel relation a ||,, b, for which both ab and ba must be seen,
650 is seen to be most likely when the probability of either order is
651 similar (note that here, w(ba) = 1 — w(ab)). This is important,
652 since when multiple activities are allowed to occur in any order
653 (parallel), in practice, certain orderings may be more likely,
654 reducing the probability of discovering the true parallelism and
655 necessitating more data.

656  Fig. 7(c) shows the behavior of Alpha when mining a three-
657 way XOR split. All possible combinations of probabilities are
658 indicated by points on the triangular base, with each edge repre-
659 senting the range of probabilities from O to 1 of one of the three
660 exclusive tasks, such that the probabilities sum to 1. The graph
661 shows the number of traces required to achieve 95% probability
662 of discovery. The greatest number of traces is needed where
663 the probabilities are most imbalanced, i.e., around the edges,
664 with the peaks at each corner showing where only one path has
665 a nonnegligible probability. The corresponding graph for the
666 parallel split shows similar behavior.

667 VI. ANALYSIS OF EXAMPLE PROCESS MODELS

668  We used the presented methods to predict the number of
669 traces needed for the probability of successful mining of the
670 running example’ (Fig. 1) to exceed various thresholds. Au-
671 tomaton Ay (Fig. 3) was specified as the ground truth and
672 simulated by random walk to produce 30 sets of MXML format
673 WF log files of increasing size from 1 to 45 traces. A “ground
674 truth” log of 1000 traces was also simulated.

675 We mined Petri net models from these files using Alpha
676 as implemented in ProM [40] and calculated the fitness (f)
677 [6] and behavioral appropriateness (a'z) [4] values using the
678 conformance analysis plugin. The Petri nets were converted
679 to PDFA by labeling their reachability graphs with maximum
680 likelihood probability estimates derived from the ground truth
681 log file. The d» and Bhattacharyya (dppa:) distances, and
682 Jensen-Shannon divergence (djsp) were calculated between
683 the distributions represented by these PDFA and the ground
684 truth distribution represented by Ag.

SThis model has not been benchmarked but designed for this test.
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Fig. 8. Results showing convergence of Alpha to the ground truth, mining
from logs of increasing size simulated from PDFA Ag. (a) Average metrics
against number of traces. (b) Probability of approximately correct model.

The graph in Fig. 8(a) shows the average approximate cor- 685
rectness of the models mined by Alpha from logs of increasing 686
size, as measured by the metrics and distances, plotted against 687
the number of traces in the log. The numbers of traces predicted 688
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TABLE 1II
METRICS AND NUMBERS OF TRACES AT THRESHOLD
POINTS FOR MINING EXAMPLE MODELS

Probability of Success 50% 90% 95% 99%
Running Example (Petri net Fig.1, PDFA A( Fig.3)
Predicted/Actual Traces 11/10 25/23 31/29  44/45
f 0.992 0.998 1.000 1.0
a’B 1.0 1.0 1.0 1.0
1—da/V2 0.935 0.974 0.984 1.0
1—dphat 0.866 0.950 0.978 1.0
1—dyjsp/2 0.962 0.991 0.998 1.0
Larger Example (Petri net Fig.9, PDFA A3 Fig.10)
Predicted/Actual Traces 37/— 63/65 75/75 100/115
f 0.984 0.989 0.998 1.0
a'y 0.962 0.984 0.998 1.0
1—d2 0.951 0.983 0.997 1.0
1— Dgnat 0.766 0.881 0.980 1.0
1—-JSD 0.768 0.903 0.983 1.0

689 for 90%, 95%, and 99% confidence in correct mining are
690 indicated by the vertical rules. The graph shows:

691 1) Probability distance measures converge in a similar way

692 to f, but the distances from the ground truth are dis-
693 tributed over a clearer scale, from almost 1 for the
694 very unfit models produced by few traces, through to 0,
695 whereas f ranges from approx 0.8 to 1 (see Section VII).
696 2) The distance measures show convergence to approximate
697 correctness at the predicted points.

698  3) Irregularities may indicate points of interest in the behav-
699 ior of the algorithm, worthy of further investigation.

700 4) a’B was 1 for each model, indicating that none of the
701 models allowed behavior not found in the logs.

702 Note that close convergence to predictions is possible, because
703 the distribution to be learnt is known in advance, and test data
704 drawn from that distribution. Also, exact formulas rather than
705 bounds are used to predict the numbers of traces.

706 The graph in Fig. 8(b) shows the probability of mining an
707 approximately correct model, measured by f exceeding 0.9,
708 0.95, and 0.99, and dgp.: not exceeding 0.1, 0.05, and 0.01. A
709 single data point is calculated for each size log; the percentage
710 of mined models for which f was above, or dgp.; was below
711 the threshold. The probability distance (solid lines) is less sen-
712 sitive to the threshold used (all three lines are superimposed),
713 due to operating over a greater range, whereas f (dashed lines)
714 indicates convergence too soon.

715 Table II (top part) shows the predicted and actual numbers of
716 traces and corresponding values of the metrics.

717 A. Larger Example Process

718  The running example is rather simple. To validate the
719 methods and probabilistic analysis of Alpha, we used a larger
720 example (Petri net Fig. 9, “ground truth” PDFA Fig. 10), which
721 permits more detailed analysis and interpretation. This model
722 is a sound WF net, and so is mineable by Alpha. It shows the
723 handling of a request placed with a technical support call center.

After the call is received (task 7), three streams of activity run in 724
parallel, synchronized at ® Next either g or h occurs, followed 725
by a series of nested choices (e.g., various actions to resolve the 726
call), before the call is closed (0). 727

This model has been artificially designed as a realistic pro- 728
cess with a mix of simple, compound and nested substructures, 729
and “extra” parallelism (parallel activities not part of a split or 730
join substructure). Splits in the PDFA were allocated uniform 731
probabilities. The PDFA was simulated to produce event logs 732
from 5 to 150 traces in increments of 5 traces. 733

Table III shows for each substructure in the model the 734
number of traces needed for 95% probability of mining the 735
substructure correctly. “Global” indicates the number of traces 736
calculated using the ground truth probabilities for each sub- 737
string, e.g., m(km) in the XOR split G. “Local” gives the 738
number of traces using the local probabilities in each substruc- 739
ture, assuming traces that include that part of the model, e.g., 740
w(km| — k). “Context” shows the number of traces given the 741
substructure in its context in the model, i.e., for G, only p(— k) 742
of the traces are expected to reach k, so the number of traces 743
estimated in the “Local” column is divided by p(— k). 744

The graphs (Fig. 11) again show convergence as predicted 745
(Table II). The shapes of the graphs suggest correspondence 746
with the numbers of traces predicted for discovery of substruc- 747
tures (Table II), e.g., the “plateaus” between 30-35, 4045, 748
and 50-55 traces. By 30 traces a <~ f (and XOR split H) will 749
be mined correctly, with high confidence. By 40 traces, all 750
the “extra parallelism” will be, and by 50 traces A should be 751
discovered, giving confidence that most of the first (complex) 752
part of the model will be correct. Finally, by 60 traces, with 95% 753
confidence all substructures will be mined correctly. Between 754
these points (35, 45, and 55 traces), there are no additional 755
structures which are expected to be mined correctly. Fitness and 756
behavioural appropriateness are both below 1 at low numbers 757
of traces, indicating that the mined models do not fit all the 758
traces in the log, and are also too general, allowing behavior 759
not seen in the log. This is captured in the shape of the distance 760
graphs at low numbers of traces, showing that convergence is 761

initially slow. 762
VII. DISCUSSION OF MEASURES FOR ASSESSMENT 763
OF PROCESS MINING RESULTS 764

The experimentation (Section VI) showed that distances 765
between distributions give a clearer view of how different two 766
process models are, than do the existing Petri net metrics. In this 767
section, we discuss this further using the running example. Let 768
PDFA Ay (Fig. 3) describe the ground truth distribution over 769
process traces for a simple process. Fig. 12(a) shows PDFA 770
A; produced by a hypothetical process mining algorithm £, 771
mining from a particular log W, a finite sample from the 772
ground truth distribution. The trace frequencies in W vary 773
from the ground truth probabilities, preventing £; from creating 774
PDFA A; with the exact ground truth probabilities. 775

“Hidden” transition, not recorded in the log, which simplifies the depiction
of the net. Alpha produces a behaviorally equivalent net without 7).
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Fig. 9. Petri Net N3 representing more complex example process with a selection of basic substructures and “extra” parallel relations.

Fig. 10. PDFA Ajz corresponding to Petri net N3, with the addition of
transition probabilities, used for producing simulated event logs.

TABLE 1II
PREDICTED NUMBERS OF TRACES TO MINE SUBSTRUCTURES IN N3

Structure Global Local Context
A: AND/XOR split 49 49 49

B: Sequence 5 5 5

C': XOR join 13 6 6

a fcme,dwe 26,51, 60 26,34, 36 26, 34, 36
D: AND/XOR join/split 56 56 56

E: XOR join 6 1 1
F,G, H: XOR splits 6,13, 28 6,6,6 6,12,24
I: Sequence 23 1 9

J: XOR join. 28 1 1

776 Petri net Ny (Fig. 1) models the same process without prob-
777 ability information, in that it supports the same set of traces as
778 the ground truth. The Petri net can be compared with the ground
779 truth by converting to a PDFA by labeling its reachability graph
780 (Fig. 3) with probabilities (Section III-A).

781 Another algorithm Lo might mine a Petri net directly, pro-
782 ducing net N7 [Fig. 12(b)]. This algorithm has failed to discover
783 the parallelism, instead using an XOR split/join. This net and its
784 corresponding PDFA As [Fig. 12(c)] are structurally different
785 from the ground truth, therefore supporting a different set of
786 traces. This is a serious problem, as this model does not allow
787 for both despatch of the product and billing.
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Fig. 11. Results showing convergence of Alpha to the ground truth, mining
from logs of increasing size simulated from larger process model (PDFA A3).
(a) Average metrics against number of traces. (b) Probability of approximately
correct model.

Table IV shows the distances between these PDFA and the 788
ground truth, using the distance measures described (scaled 789
and subtracted from 1 to allow comparison with Fitness f). 790
Models Ay, A; are measured as quite similar, but Ay, A as 791
almost 100% different. Although structurally “similar,” they 792
support fundamentally different behavior since the split/join 793
type has been changed. What is more, this part of the model 794
accounts for 90% of the probable traces. Conversely, fitness 795
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i,1..0 a,l.0

: h:
Bill Payment chase

Order Stock

i,1.0 a,l.0

Fig. 12. PDFA and Petri nets produced by various mining algorithms.
(a) PDFA A; differing from Ag (Fig. 1) in probabilities only. (b) Petri net Ny
structurally different from Ny (Fig. 1). (c) PDFA As corresponding to Petri

net N1.
TABLE 1V
ILLUSTRATION OF DISTANCES BETWEEN PROCESS MODELS
Models 1—dppet 1—d2/vV/2 1—djsp/2 Fitness f
Ag: Aq 0.897 0.926 0.985 1.0
Ap: A2 0.051 0.413 0.1 0.893
1
0.8F

3

g

@ 0.6F

)

S]

e

2 04r

é = % = Fitness f

o— 1-d N2
0.2t el
—+— "Bhat
1_dJSD/2
o . ) ) ) !
0 0.2 0.4 0.6 0.8 1
Probability of Parallel Structure in Model
Fig. 13. Comparison of metrics: varying probability of parallel substructure.

796 f measures A, as relatively well fitting. Although it takes
797 account of the frequency of nonfitting traces, it penalizes traces
798 only (approximately) at the level of the nonfitting events. Thus,
799 effectively, only event d or e is penalized in a nonfitting trace,
800 while i,a,b,c, f,g,h,o are not. This leads to a misleading
801 picture of the correctness of this model.

802  This can be seen further in the graph in Fig. 13. Here, we
803 varied the probability of the part of the model containing the
804 parallel substructure. The graph shows the closeness of the
805 mined model to the ground truth, for the various metrics, as
806 the probability of the parallel part of the model varies from
807 very low, to very high. Fig. 13 suggests the distance metrics to
808 be more analyzable [6] than Fitness (f), measuring the mined
809 model to be almost optimal where the parallel substructure is
810 unlikely to be involved (where the error in the model does not
811 affect many traces), reducing to zero as traces involving the
812 parallel substructure form the majority of the behavior.

VIII. CONCLUSION AND FUTURE WORK 813

Many process discovery algorithms assume complete logs or 814
only recreate the behavior in the log and do not recover model 815
probabilities. However, real processes are probabilistic, so a log 816
is only a sample of the true behavior. The amount of data needed 817
to be confident in mining depends on the underlying distribution 818
and on the behavior of the algorithm. 819

We discussed process mining from a machine learning view- 820
point and introduced a probabilistic framework for consider- 821
ing processes and mining algorithms. We proposed that the 822
primary task of mining the control flow of the process is to 823
learn the ground truth distribution over process traces, from 824
a finite random sample of process traces drawn from the 825
ground truth. Process mining algorithms secondarily address 826
additional requirements such as the representation language’ 827
to use, abstraction from detail, etc. Within this framework, 828
process models may be compared using distances between the 829
distributions which they generate, rather than representation- 830
dependent methods and the behavior of algorithms considered 831
in terms of their convergence to the ground truth. 832

We applied this framework to the Alpha algorithm [14], 833
developing formulas for the probability of discovery of process 834
substructures and using these to give the probability of mining 835
a correct model of a specified accuracy. This analysis was then 836
applied to two example models, confirming experimentally that 837
the number of traces required to mine to a stated accuracy can 838
be predicted. 839

We plan to extend this framework to other algorithms, to 840
allow for models involving arbitrary substructures including 841
cycles, and to simplify the prediction mechanism. This will 842
allow us to apply the framework to the comparison of the 843
behavior of different process mining algorithms and to develop 844

deeper learning theory relating to process mining. 845
APPENDIX 846

A. Proof of Proposition 1 847
Proposition 1: The probability that Alpha infers a >,, bis 848

Po(a>nb) =1— (1 —m(ab))".

Proof: To infer that b can follow a, at least one of the 849
n traces must contain substring ab, so the relation will be 850
discovered unless all traces do not contain ab. A single trace 851
contains ab with probability 7(ab), so all n independent traces 852

fail to contain ab with probability (1 — w(ab))™. M 853
B. Proof of Proposition 2 854
Proposition 2: The probability that Alpha infers a#,bis 855

Pa(attnbd) = (1 — m(ab) — m(ba))" .

"For example, [20] constructs probabilistic models of observed traces in the
form of stochastic automata



WEBER et al.: FRAMEWORK FOR THE ANALYSIS OF PROCESS MINING ALGORITHMS 13

856 Proof: To infer no relationship between a and b, each trace
857 in the log must contain neither ab nor ba. This is =(A U B)
858 in Fig. 6(a). Since we assume no cycles, a single trace cannot
859 contain both ab and ba, so 7(ab A ba) = 0. |

860 C. Proof of Proposition 3

861  Proposition 3: The probability that Alpha infers a —,, bis
Py(a—nb) =1 —7(ba))” — (1 — m(ab) — w(ba))" .
862 Proof: This is represented by the set A\ B in Fig. 6(a),
863 which can be seen to be equivalent to =B \ =(A U B)
0 (B)=1— (1 — w(ba))"™
= 7, (-B)=(1—m(ba))", andbyProp.2 (9)
7 (7(AU B))=(1 — w(ab) — w(ba))" . (10)

(by Prop. 1)

864 From (9) and (10), because =(AU B) C =B
P,(a =, b) =7, (-B\ ~(AUB))
—7(~B) — 7 (<(AU B))
= (1 —m(ba))" — (1 —w(ab) — 7(ba))™.

865 This is intuitively interpretable as the probability of not seeing
866 ba in any of n traces (good), minus the probability of also not
867 seeing ab in any of those n traces (bad). |

868 D. Proof of Proposition 4
869  Proposition 4: The probability that Alpha infers al|,,b is
P,(al]|nb) =1 — (1 — w(ab))" — (1 — w(ba))"
+ (1 — 7(ab) — 7(ba))™ .

870 Proof: The relations partition the set of possible logs
871 [Fig. 6(a)]; thus, P,(a|l,b) =1— Py(a =, b) — P, (b —,
872 a) — P, (a#,b), following the previous results. |

873 E. Proof of Proposition 5
874  Proposition 5: Probability that Alpha infers an XOR split is
Pa (a —n (bl# . #bm))
=Su(N)= > Su(NU{Yi})

1<i<m
+ > Su(NU{Y, Y}
1<i<j<m
— .+ (-1)™S,(NUY), where (11)
S,L(X):<l— Z W(Xl)—F Z 7T(Xi/\Xj)
1<i<|X]| 1<i<j<[X]|

—...+(—1)X7T(X1/\X2/\.../\XX)> . (12)

Proof: We begin with the probability that the pairs of tasks 875
which must not be seen in the log do indeed not occur in the 876
log, then use the “inclusion-exclusion principle” to remove the 877
probability that any of the pairs of tasks which must be present 878
in the log are also missing from the log. 879

For events F; in a probability space with N events 880

7Tn< U Ez) = > mE)- Y m(EiNE)
1<i<N 1<i<N 1<i<j<N
N EZ) (13)

+o o (1), (
1<i<N

As a simplified example, we consider discovery of a two-way 881
XOR split from a to b, ¢, and assume 7(ba) = 7(ca) = 0. For 882
Alpha to discover the split, the log must include ab and ac, but 883
not be or cb. If Fig. 6(b) represents the set of all logs of n traces, 884
then let set A contain all logs which contain no ab, Bno ac, Cno 885
be, and Dno cb. Then, we need the probability contained in the 886
shaded area 887

™ ((CN D)\ (AUB))
=m,(CND)-m ((CND)N(AUB))
=m(CND)—m, ((CNDNAUCNDNB))
=m(CND)—m,(CNDNA)—7m,(CNDNB)
+ 7, (C'N DN AN B) (by equation 13).

Sy (N) is represented by (C'N D), S, (N UY7) by (CNDnsss
A), etc. If we make no assumptions about the ground truth, then 889
a single trace may include any of these substrings, so the same 890
approach is needed to calculate .S, (X). W 391

F. Proof of Theorem 1 892

Theorem 1: The probability of discovery of an XOR split 893
may be approximated by assuming independence between dis- 894
covery of Alpha relations over n traces. The probability is over- 895
stated, but error rate decreases exponentially with increasing n 896

Py (a = (bi# . b))
< [ Pala—nb) x

1<i<m

[T Palbittnby). (14)

1<i<j<m

Proof: To demonstrate, we assume that an underlying 897
model with an XOR split from a to (by,bs,...) is followed 898
without error, and traces are recorded without error (“noise- 899
free”). Thus, 7 (bia) = w(b1bs) =0, etc., and the previous 900
equations may be simplified. Equation (1) reduces to P, (a —, 901
b) =1— (1 —m(ab))™, and so on. 902

Let b; be shorthand for 7(ab; ), and label (2) as F'(n) and (14) 903
as G(n). Equation (2) (discovery of multiple Alpha relations 904

from one log not independent) reduces to 905
Fn)=1— > (1=b)"+ > (1=bj—b;))"
1<i<m 1<i<j<m
- > (1—bi—bj—bk)"+...+(—1)’”<1— > bi>
1<i<j<k<m 1<i<m
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906 while (14), which assumes that discovery of the relations can
907 be treated as independent, to

G(n) = H Po(a =, b)) = H (1—(1—0b)")
=1— > (@=b)"+ D, (1=b)"(1—b)"
—"'+(—1)m H (1_bi)n-

1<i<m

908 The error in assuming independent relations is given by
909 H(n) = |F(n) — G(n)|. The first two terms of F'(n) and G(n)
910 cancel, leaving (m — 1) terms. The difference between the third
911 terms of F'(n) and G(n) determines the rate of decay of the
912 error, since the absolute values of subsequent terms in F'(n)
913 will be not greater than the third term. This is because the value
914 of each term, and all b;, will be between 0 and 1, so the terms
915 are decreasing in absolute value. Similarly for G(n), because
916 each subsequent term is multiplied by a further factor between
917 0 and 1, itself decreasing exponentially. Now, let

fij(n)
gij(n)

(1—b; —bj)"
(1=0i)"(1=b;)"

hij(n) = Gij (n) — fij(”)
)\ij =1- bl — bj
Wi = )\ij + bibj-

918  Then, h;j(n) = pj; — A}, so the error is bounded by

ij°

H(n) < (m—1) (15)

Yo (u =)

1<i<j<m

919 This is always positive, since u;; > A;; for all 7, j, and decays
920 exponentially in n after a maximum at relatively low n.
921  The rate of decay of the error is also exponential

922 This is always negative after h;;(n) reaches its maximum and
923 decays exponentially in n, as the log factors are relatively
924 negligible. The maximum error in term h;;(n) is reached when

W(n) = pgnpi; — A In A =0
In (ln Nij )
In
i (52)
925 n will be largest when \;; ~ p;;, when the denominator of
926 (16) tends to 0. This occurs when when the probabilities are
927 small, as the difference between \;; and fi;; is w(ab;)mw(ab;).
928 However, the discovery probability F'(n) or G(n) will be corre-
929 spondingly small, due to the second terms of F'(n), G(n). With
930 the number of traces required to give only a 50% probability of
931 discovery across all possibilities for the probabilities in a three-

932 way split, the difference in the number of traces predicted using
933 F'(n) and G(n) is negligible. [ |

=n= (16)
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